Abstract.
Let P be a finite poset, and let e(P) denote the number of linear extensions of P [6, p. 1 lo] . If A denotes the set of minimal elements of P, then it is easily seen that e(P) = 1 e(P -x). XEA
In this paper, we give a generalization of (1) which is not so apparent. Our proof will be based on the concept of promotions of linear extensions due to M. Schiitzenberger [4] . Suppose C:x,<x,<... < x,,, is a saturated chain in P (so xi+, covers xi for 0 < i < m). Define a new poset P, as follows: Replace in P the elements of C by new elements x0,, x1*, . . . , x, _, m , subject to the relations (and those implied by transitivity) ifyEP-Candy>x, in P.
(Think of xi,i + I as the 'merge' of xi and xi+, .) When m = 0, so C consists of the single point x = x0, then the definition of P, becomes P, = P -x.
THEOREM.
Let P be a$nite poset. Let %Z be a set of saturated chains of P such that every maximal chain of P contains exactly one element of W. Then e(P) = C e(Pc>. CEI Proof. Let 9(Q) denote the set of all linear extensions of the poset Q. We regard a linear extension cr of a (finite) poset Q as an order-preserving bijection of Q onto some chain K. Two linear extensions cr : Q + K and e': Q + K' will be considered identical if fc = c', where f is the unique order-preserving bijection K + K'. We will now construct a bijection from which the proof of the theorem clearly follows.
Leta:P+{1,2,... , n} be a linear extension of P. Following Schiitzenberger [4], we define a certain maximal chain M: y, < y, < * + * < y, of P as follows. Let y, be the (minimal) element of P satisfying a( yl) = 1. Once y, , . . . , y, are defined, stop if yi is a maximal element of P. Otherwise let yi+ r be that element of P which covers yi and which has the smallest value o(z) among all elements z covering yi. This inductively defines a maximal chain A4 = M(a). By assumption, M contains a unique chain C: y, = x0 < x1 < * * * < x, which is an element of $?(so xi = ys + J. Now define a function 40: PC + (2, 3, . . . , n} as follows.
d-4
if x&I4 or if xeM but x >x,,,,
We claim that the map 4: Y(P) + u Y(P,-) is a bijection. First we check that &r E dp(P,). Clearly, $a is a bijection, so we need to show that if y covers x in PC then +a(x) < +a( y). Let C' denote the chain y, < yz < . * * < ys _ , of P and of P,, and let C" denote the chain x0, < x,~ < . . . < x, _ ,,m of PC. We have to check a number of cases, depending on whether x and y belong to C', C", or P -(C' v C"). These cases are all straightforward; we do four of them as a sample.
(a) x, y E P -(C' u C"). Then 4a(x) = a(x) < a(y) = 4a(y), since a E 9(P).
